) is an isometry then φ is either holomorphic or anti-holomorphic.
We note that no assumptions are made about the smoothness of the isometry.
In [8] an analogue of Theorem 1.2 was proved under the hypotheses that the domains are equidimensional and strongly pseudoconvex but with the stronger assumption that the isometry is C 1 and has a C 1 extension to the boundary of Ω 1 . In [9] an analogue of the WongRosay theorem about noncompact automorphism groups was proved for equidimensional strongly convex domains. This was extended to strongly pseudoconvex domains in [5] . To the best of our knowledge, the question of whether an isometry between strongly pseudoconvex domains (even in the equidimensional case) is holomorphic or anti-holomorphic is still open.
The proof of Theorem 1.1 proceeds as follows. We first observe that any isometric map γ : I → (Ω, d
K Ω ), where I ⊂ R is an interval, is a real geodesic i.e., a Kobayashi length minimizing C 1 curve. In fact we prove that any such map in Ω is contained in a complex geodesic (in the sense of Lempert). Let f : ∆ → Ω be a C 1 isometry. Choose two real geodesics σ and γ in ∆ which approach the same point w ∈ ∂∆. We can reparametrize these 1 geodesics to get σ 1 and γ 1 which are now smoothly defined on [0, 1] with σ 1 (1) = γ 1 (1) = w. Since f • σ and f • γ are isometric maps of intervals into Ω they are smooth. Moreover the corresponding reparametrizations f • σ 1 and f • γ 1 also extend smoothly to [0, 1] . We then prove the key fact that (f • σ 1 ) ′ (1) = (f • γ 1 ) ′ (1). Let φ and ψ be two complex geodesics such that after composing with an automorphism of ∆ or with the conjugate of an automorphism of ∆ we get φ • σ = f • σ and φ • γ = f • γ. One can then see that (dφ)(w) = (dψ)(w). On the other hand, we prove that if two complex geodesics agree up to first order at a boundary point then their images coincide. We point out that a similar result (about the uniqueness of complex geodesics with prescribed boundary data) was proved in [3] under the stronger assumption that Ω is of class C 14 . We finally proved that f (∆) = φ(∆). It remains to prove that df commutes (or anti commutes) with the standard structures on ∆ and C n . That completes the proof of Theorem 1. Finally we make a few remarks about our terminology. A smooth embedding between Riemannian manifolds f : (M, g) → (N, h) is said to be totally geodesic if f * (h) = g and the second fundamental form of the image f (M) vanishes. It can be checked that a smooth embedding is totally geodesic if and only if it is a metric space isometry from (M, d g ) to (N, d h ) where d g and d h are the distance functions induced from g and h respectively. Hence we use the terms "totally geodesic map" and "isometry" interchangeably.
Preliminaries
Given a bounded domain D ⊂ C n we denote by
In this Section we collect some basic facts about the geometry of the Poincaré disc (∆, d K ∆ ) and about the behaviour of complex geodesics in strongly convex domains in C n .
The following fact is standard.
Suppose that σ(0) and γ(0) lie on the same horocycle passing through z ∈ ∂∆. Then there is a constant D such that d
2.2.
Complex geodesics and holomorphic retracts in strongly convex domains. Let φ : ∆ → Ω be a holomorphic disc.
Definition 2.4. (a) We call φ a complex geodesic if φ is an isometry for the Kobayashi distances on ∆ and Ω.
(b) We call φ extremal with respect to p, q ∈ Ω if φ(0) = p, φ(ζ) = q for some 0 < ζ < 1 and d
The following result due to L.Lempert is fundamental to this paper. Parts (i) − (iv) are contained in [10] , point (v) is the content of Theorem 2 in [11] . We point out that Theorem 2 in [11] was stated for smooth C ∞ domains but that the proof goes through for C 3 domains. (ii) Given two points p, q ∈ Ω there is a unique complex geodesic φ whose image contains p and q.
(iii) Given a point p ∈ Ω and a 2-dimensional J-invariant subspace V of T p Ω (equivalently, a complex tangent vector at p), there is a unique complex geodesic φ passing through p and satisfying
(iv) The map φ is proper and φ extends as a
The one-dimensional holomorphic retracts in a strongly convex bounded domain are precisely the extremal discs.
Here T C φ(e iθ ) (∂Ω) denotes the complex tangent space to ∂Ω at point φ(e iθ ).
Lemma 2.6. Let Ω be a C 3 strongly convex domain in C n and let φ, ψ : ∆ → Ω be two complex geodesics. If there is a point w ∈ ∆ such that φ(w) = ψ(w) and dφ w = dψ w then φ = ψ.
Proof: The result is immediate if w ∈ ∆ since a complex geodesic passing through a point in a given direction is unique according to [10] . Assume now that w = 1, φ(1) = ψ(1) = 1, dφ 1 = dψ 1 and φ ≡ ψ (notice that φ and ψ are C 1 maps on ∆ by Theorem 2.5, point (iv)). We keep the same notations as in the proof of Proposition 8 in [10] . In particular for two elements z = (z 1 , . . . , z n ), w = (w 1 , . . . , w n ) ∈ C n we set z, w := n j=1 z j w j . If z ∈ ∂Ω denote by ν(z) the (outward) normal vector to ∂Ω at z. According to [10] there is a positive function p, continuous on ∂∆ such that the map ζ ∈ ∂∆ → ζp(ζ)ν(φ(ζ)) extends to a map φ, continuous on ∆, holomorphic on ∆ (see page 434 of [10] ).
Since Ω is strongly convex there is a constant C > 0 such that :
on a subset of positive measure in ∂∆.
Hence we have :
However :
since the mapsφ and ζ ∈ ∆ → φ(ζ) − ψ(ζ) (ζ − 1) 2 are holomorphic on ∆ and continuous on ∆. Hence :
Following the proof of Proposition 2 in [10] , for η ∈ ∆, let a η be the automorphism of ∆ defined by a η (ζ) = (ζ + η)/(1 + ηζ). Since the index of the function ζ ∈ ∂∆ → ζ/a η (ζ) is not zero on ∂∆ we may choose a holomorphic function q η on ∆ such that Im(q η (ζ)) = Im(log(ζ/a η (ζ))) for ζ ∈ ∂∆. Note that we may fix the value Req η (0) = 0 for every η.
We may apply the inequality (2.2) to φ • a η and ψ • a η . This gives for every η ∈ ∆ :
Here, according to the proof of Proposition 2 in
We finally proved for every ζ ∈ ∆ :
This is a contradiction for η → 1 sinceφ is continuous on ∆ and φ(1) = ψ(1).
Totally geodesic discs
We begin by noting that a real geodesic in Ω is an isometry from I to Ω where I carries the usual Euclidean distance. We first prove the partial converse that isometries from an interval I ⊂ R to (Ω, d
K Ω ) are absolutely continuous and their lengths realize Kobayashi distance.
Lemma 3.1. Let I ⊂ R be an interval and α : I → Ω an isometry. Then α is locally Lipschitz. In particular α is absolutely continuous and
Proof: Without loss of generality assume that I = [0, l] for some l > 0. Let p = α(0) and consider the ball B = B(p, 2l) with center p and radius 2l in the Kobayashi metric d K Ω . By continuity of the infinitesimal Kobayashi metric there exists C > 0 such that
Integrating the above estimate along the geodesic α| [t 1 ,t 2 ] we get
To see the second part, we note the following fact which is the content of Theorem 1.2 in [14] . If γ : [0, l] → Ω is an absolutely continuous curve then
where the sum is over all partitions
for any partition P = {t 1 = 0, ..., t k = l} of [0, l] and the proof is complete.
Definition 3.2. We say that a map f : ∆ → Ω is a totally geodesic disc if f is an isometry for the Kobayashi distance :
, f (y)) for any two points x, y ∈ ∆.
It can be checked that a totally geodesic disc f is a proper map and extends to a map of class at least C 1/2 up to ∂∆. We will not prove these facts since we will not use them. In particular, every isometry α : I → Ω is C 1 and there is a unique real geodesic between any two points in Ω.
Proof: Without loss of generality assume that I = [0, t 0 ] for some t 0 > 0 and that α is differentiable at t = 0. Let φ : ∆ → Ω be a complex geodesic joining the points p := α(0) and q := α(t 0 ) and let γ : [0, t 0 ] → Ω be the real geodesic connecting p and q i.e. γ(0) = p, γ(t 0 ) = q, and contained in φ(∆). Let π : Ω → φ(∆) be the Lempert retract corresponding to φ (see Theorem 2.5, point (v)). We first note that
Here we have used the decreasing property of the Kobayashi norm under holomorphic mappings. Next we note that length minimizing curves are unique for the Poincaré metric on ∆ and hence unique in φ(∆)
Since Ω is a strongly convex domain the Kobayashi indicatrix I p (Ω) := {x ∈ T p Ω/ K Ω (p, x) < 1} is strongly convex for every p ∈ Ω (see for instance [12] ). The closure {x ∈ T p Ω/ K Ω (p, v) ≤ 1} of I p (Ω) is also strongly convex. It follows now from the homogeneity property K Ω (p, cx) = |c|K Ω (p, x) (for every x ∈ T p Ω, c ∈ R) that the set {x ∈ T p Ω/ K Ω (p, x) ≤ c} is strongly convex for every c > 0. Since v + N is an affine subspace of T p Ω = C n not containing the origin, the function f above attains its infimum inf f at exactly one point n 0 . Write v = n 0 + h 0 and note that ) and n 0 = 0 by the uniqueness of the minimum of f . If we let 2) . Again by the uniqueness of minima of f , n 1 = 0 i.e. γ ′ (0) = v. Choose any t ∈ (0, t 0 ) such that α is differentiable at t and consider the geodesic segment α| [0,t] . Let q t = α(t) and φ t : ∆ → Ω the complex geodesic passing through p = α(0) and q t . Let γ t the corresponding real geodesic connecting p and q t which lies on the image of φ t . The argument above applied to this new configuration gives γ ′ t (0) = v. The holomorphicity of φ and φ t imply that the tangent spaces T p φ(∆) = T p φ t (∆). By Lemma 2.6 we have φ(∆) = φ t (∆). In particular α(t) ∈ φ(∆). Since the set of points where α is differentiable has full measure and φ(∆) is closed in Ω, this completes the proof of the statement α(I) ⊂ φ(∆).
By (3.2) and the uniqueness of length minimizing curves in φ(∆) it follows that α = γ and the other statements of Lemma 3.3 follow as well.
Remark 3.4. According to lemma 3.3 let α be a real geodesic in ∆ and let f be a totally geodesic map in Ω. Since f • α is a real geodesic in Ω there is a unique complex geodesic g in Ω such that f • α((−∞, ∞)) is a smooth curve in g(∆). Since g is an embedding and an isometry for the Kobayashi metric, there is a unique real geodesicα in ∆ such that g •α = f • α. Finally, after composing g with an automorphism of ∆ or with the conjugate of an automorphism of ∆ , denoted by µ, we may assume that g • µ • α = f • α. We point out that the map g • µ is either holomorphic or anti-holomorphic. 
Proof: By Lemmas 2.2 and 2.3 there exists constants C 1 , C 2 > 0 such that
and
According to Lemma 3.3, since f • γ(−∞, ∞) is a real geodesic in Ω, there is a unique complex geodesic g contained in Ω such that f • γ((−∞, ∞)) ⊂ g(∆). According to Remark 3.4 there is an automorphism µ of ∆ (or the conjugate of an automorphism of ∆) such that (g • µ)(γ(0)) = f (γ(0)). Moreover it follows from the Hopf Lemma applied to the complex (or anti-complex) geodesic g • µ that the Euclidean distances δ(g • µ(x ν )) and δ(x ν ) are equivalent. We finally have :
Since f extends up to ∂∆ we know that f (1) = y ∞ ∈ ∂Ω.
This claim will follow from the following two lemmas.
There is a constant C > 0 such that
Also there exist D > 0 with the following property:
By Graham's estimates (see [4] ), there is an E > 0 such that
for all p ∈ Ω and v ∈ C n . Combining this estimate with (3.6), (3.7) and (3.8) we see that
Let U be a small neighborhood of y ∞ in C n and let Γ ⊂ Ω ∩ U be a part of a half cône with vertex at y ∞ , axis tangent to f • γ 1 at y ∞ .
Lemma 3.8. There is a constant C > 0 such that for every point
Without loss of generality we may assume that y
Choosing U sufficiently small we may assume that for every p ∈ Ω ∩ U and for every v ∈ C n (see [4] ) :
In particular, consider a point q ∈ ∂Γ such that δ(q) ≤ 2δ(z) and a C 1 path α joining z to q. We may restrict to the part of the path contained in Γ∩U, implying that α(t) ∼ δ(α(t)), and in the ball centered at the origin, with radius 4δ(z). Then there is a constant c ′′ > 0 such that :
By our restriction we have :
by definition of Γ. This proves Lemma 3.8. The claim is now a direct consequence of Lemma 3.8 and of Condition (3.4).
Finally to complete the proof of Lemma 3.6, we show that λ = 1 where λ is given by the equality (f • γ 1 )
Proof: According to [4] we have lim z→p∈∂Ω δ(z)K Ω (z, v) = 
Lemma 3.9 implies that
This can be written as
By (3.5) and the assumption that γ and σ have unit-speed, the above equality gives
We claim that the left-hand side above is equal to 1. This follows from the following lemma.
Proof: This follows from the calculations in the proof of Lemma 4.1 of [1] . Let Ω be as above. Let π : T → ∂Ω be the closest point projection map, which is well-defined in an ǫ-tubular neighbourhood T of ∂Ω for ǫ small enough. For q ∈ ∂Ω, let n(q) denote the outer unit normal to ∂Ω at q and for p ∈ T ∩ Ω let
where γ ′ N (t) is the normal component of γ(t) in the standard decomposition. There is a constant C > 0 (depending only on T ) such that the Kobayashi length l(γ) of γ satisfies
Next let γ be a curve in Ω connecting x k and y k which exits T ∩Ω. Let γ(t 1 ), γ(t 2 ) ∈ ∂T ∩Ω be the first exit point and last entry point respectively. We have h(γ(t 1 )) = h(γ(t 2 )) = √ ǫ.
By the above estimate
and λ(t 0 ) = iγ(1) for some t 0 > 0. Thereforeλ(t 0 ) =γ(1). We have now : It follows that θ ≡ π/2 mod[π].
If θ ≡ π/2 mod[2π] (resp. θ ≡ 3π/2 mod[2π]) then f and φ • µ (resp. f and φ • µ) agree on the geodesics γ and iγ. If z ∈ ∆ is any point then z lies on a geodesic α : (−∞, ∞) → Ω passing through γ(t 0 ) and iγ(t 0 ) for some t 0 ∈ (−∞, ∞). By the uniqueness of real geodesics in Ω (Lemma 3.3), it follows that f (α(t)) = φ • µ(α(t)) (or f • µ(α(t))) for all t ∈ (−∞, ∞) since both are geodesics passing through f (γ(t 0 )) and f (iγ(t 0 )). Since z lies on the image of α, it follows that f (z) = φ • µ(z) (or f (z) = φ • µ(z)).
The proof of Theorem 1.2 follows easily. Let f : Ω 1 → Ω 2 be a C 1 isometry. Let p ∈ Ω 1 and let J i denote the almost-complex structure on R 2n i , i = 1, 2. We want to prove that J 2 • df p = df p • J 1 . Let V ⊂ T p Ω 1 be a 2-dimensional J 1 invariant subspace. We claim that df p (V ) is J 2 invariant: Let φ : ∆ → Ω 1 be a complex geodesic with T p (φ(∆)) = V . Now f • φ : ∆ → Ω 2 is again an isometry and hence holomorphic or anti-holomorphic by Theorem 1.1. Hence df p (V ) is J 2 invariant. Since the restriction of the infinitesimal Kobayashi metric of a strongly convex domain to a 2-dimensional J invariant subspace is Hermitian (this follows from the existence of a complex geodesic tangent to the given subspace) it follows that if V = Span R {v, J 1 (v)} then df p (v) = ±J 2 (df p (v)). Hence f is either holommorphic or anti-holomorphic at every point p ∈ Ω 1 . By continuity f is either holomorphic everywhere or anti-holomorphic everywhere.
